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1 Introduction

In this paper we enhance the computation of the proximity operator of the perspective of a proper lower semicontinuous
convex function defined in a real Hilbert space H. This construction is introduced in [25] and appears naturally in
optimal mass transportation theory [3, 26], dynamical formulation of the 2-Wasserstein distance [3, 26], information
theory [18], physics [5], operator theory [17], statistics [23], matrix analysis [16], signal processing and inverse
problems [21, 20, 22|, JKO [19] schemes for gradient flows in the space of probability measures [4, 11], and
transportation and mean field games problems with state-dependent potentials [8, 9], among other disciplines.

The proximity operator of the perspective of a proper lower semicontinuous convex function f: H — ] — 0o, +00] is
first obtained in [13, Theorem 3.1] in the case when the domain of f* is open, where f* denotes the Fenchel-Legendre
conjugate of f. Some examples in the case when the domain f* is closed are also explored in [13, Section 3.2].
These results need the solution of an inclusion in H in order to compute the proximity operator of the perspective
of f. In the case when f is radial, the proximity operator of the perspective of f is studied without any assumptions
on the domain of its conjugate in [14, Proposition 2.3]. This calculus needs a projection onto a particular convex
subset of R?, which is not always easy to compute. Previous results do not allow the computation of the proximity
operator of the perspective of non-radial functions f such that the domain of f* is not open. This is the case, for
instance, of entropy-based penalizations including the log-sum, which arises, e.g., in optimal transport problems
and mathematical programming [1, 10].

The goal of this paper is to provide a simple computation of the proximity operator of the perspective of any proper
lower semicontinuous convex function without any further assumption. Our computation generalizes the results
in [13] and [14] and the solution of a scalar equation is needed, which can be obtained via standard root-finding
methods [24]. We provide several examples of non-radial functions f such that the domain of f* is not open, for
which the proximity operator is not available in the literature.

The paper is organized as follows. In Section 2 we present our notation and preliminary results. The proximity
operator for the perspective of f is presented in Section 3. Examples are studied in Section 4.

2 Notation and preliminaries

2.1 Notation

Throughout this paper, H is a real Hilbert space endowed with the inner product (- | ) and associated norm ||-||.
H @ R denotes the Hilbert direct sum between H and R.

Let f: H —]— 00,400]. The domain of f is dom f = {z € H | f(z) < 400} and f is proper if dom f # &. Denote
by T'o(#) the class of proper lower semicontinuous convex functions from H to ] — oo, +00]. Suppose that f € T'o(H).
The recession function of f is

flzo + tz) — f(zo)

(Vzo € dom f)(Vx € H) rec f(x) = tiigrnoo ” (2.1)
and it satisfies (see [2, Proposition 7.13 & Proposition 13.49])
rec f = Odom f* = O Jom f+- (2.2)
The Fenchel conjugate of f is
ffiH =] =00, +00]ru— sg%(<x|u>—f(:zr)) (2.3)
We have f* € To(H), f** = f, and we have the Fenchel-Young inequality [2, Proposition 13.15]
(Ve e H)(VueH) f(x)+["(y) = (z|u) (2.4)



The subdifferential of f is the set-valued operator

of : H—2M o {ueH|(WeH) (y—z|u+flz)<f(y)} (2.5)
and domdf = {z € H | df(z) # @}. We have the Fenchel-Young identity [2, Proposition 16.10]
VexeH)VueH) uwedf(z) < fx)+f(u)=(z]|u). (2.6)
The prozimity operator of f is
prox; : H — H : x> argmin (f(y)+%||$—y|2> , (2.7)
yeH
which is characterized by
(Ve e H)(VpeH) p=prox;z <& x—p€cdf(p) (2.8)
and satisfies
(Vy €]0,400[)  prox,; = Id —v prox;. ., o(Id /7), (2.9)

where Id: H — H denotes the identity operator.

Let C' C H be a nonempty closed convex set. The indicator function of C' is

0 if x € C;
tc:H—=]—o00,+oo] iz ' 2.10
¢ ] ] {+oo, ifz ¢ C, (2.10)
its support function is
oc:H —]—00,+00] : u— sup (z | u), (2.11)

zeC

and we have o = (tc)*. The projection operator onto C'is Pc = prox, ,, which is characterized by
VeeH)VyeC) (y—Pox|x— Pox)<0. (2.12)

For further background on convex analysis, the reader is referred to [2].

2.2 Perspective functions and properties

Now, we review essential properties of perspective functions. We refer the reader to [12] for further background.

Definition 2.1. Let f € T'o(H). The perspective of f is:
nf(f), if 5> 0;
~ n

fiHXR—=]—o00,+00]: (z,n) — (rec f)(z), if n=0; (2.13)
~+00, if n <O.
Lemma 2.1. Let f € To(H). Then the following hold:
(i) feTo(HSR).
(ii) f is not radial, i.e., there exist (x,n) and (y,v) in H x R such that ||(z,n)| = |[(y,v)|| and f(x,n) # f(y,l/).

(i) Let C = {(x,n) € H xR | n+ f*(z) < 0}. Then (f) _—

Proof. (i): [12, Proposition 2.3(ii)].

(ii): Let (2,n) € H x]0, 400 be such that z/n € dom f. Then [|(z,n)|| = |[(z, —n)| and flz,n) =nf(z/n) < 400 =
f(xz,—n). Hence f is not radial.

(iii): [12, Proposition 2.3(iv)]. O O



2.3 Preliminaries on proximity operators

We now provide some preliminary results needed in the following sections.

Lemma 2.2. |7, Lemma 3.1(iii)-(iv)] Let f € T'o(H), let v € |0, +o0], and let (x,p) € H x H. Then the following
propositions are equivalent:

(i) p= prox. s .
(i) f(p)+ /" ((x=p)/7) =(p| (= —p)/7)-
(i) (VyeH) (@—ply—p +7f(p) <7f(y)
Proposition 2.1. Let f € T'o(H), let v € ]0,+o0], and let x € H. Then the following hold:

(i) We have

2
_<:1: - Pimy ’ Prox, ;= — mex>+Hmex — proxwfo <~ (f (mex) —f (proxwf x)) (2.14)

(ii) f (proxvf z) < f (mex) .

Proof. (i): Let x and p in H be such that p = prox, ; x. Then, by setting y = Pos o, it follows from Lemma 2.2
that

—<I ~Pame ‘ p-Pim 33> + Hpmfx—p‘r <7 (f (me 33) - f(p)) : (2.15)
and (2.14) follows.

(ii): Since dom f is nonempty, closed, convex, and prox, ;z € domdf C dom f, it follows from (2.12) that
<a:—me:17 ’ prox, ;& — Py ¢ x> <0. (2.16)

Hence, the result follows from (i). O

3 Main results

The proximity operator of a perspective function when dom f* is open is computed in [13, Theorem 3.1]. In the case
of radial functions, this hypothesis is removed in [14, Proposition 2.3]. In this section we compute the proximity

operator of f for any f € To(H).
Theorem 3.1. Let f € T'o(H), let v €10, +00|, and let (xz,n) € H x R. Then the following hold:

(i) Suppose that n+ v f* (me* (z/7)) <0. Then

x
prox_ #(x,n) = (w — P s+ (;) ,O) . (3.1)
(ii) Suppose that n+ v f*(Pim fr (z/7)) > 0. Then there exists a unique 1 € |0,n+ vf*(Pgom fr (z/7))] such
that ' '
. x
p=n+vf <prox%f* (;)) : (3.2)
Furthermore
x
proxwf(:zr,n) = <x — 7Y Proxg s <;> ,,u> . (3.3)
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Proof. First note that Lemma 2.1(i) asserts that f € To(H®R). Let (p, 1) € HxR be such that (p, 1) = prox_ #(z,n).

It follows from Lemma 2.1 and Lemma 2.2 that

(p, 1) = prox_z(z,m) < f(p, 1) (f‘) ( M) = <(p,u)' (#%»
« o (52558 5805
& f(p,u)—<p ¥>+u<%> and %ﬂ“* (#) <0. (3.4)

Moreover, since (p, 1) € domdf C dom f, we have p € [0, +0o[. Then, let us consider two cases

(i) Suppose that ;= 0. Then (3.4), (2.2), Lemma 2.2, and (2.9) imply
x—p> and —l—f*( p)SO
Y

gl

n
gl

gl gl gl
+

(5.0) = prox gz.1) & (recHp) = (p

< 0 Jom f* (p)-i—me* (

and —+f

)

x x
& p=z—7Pxm (;) and n+~vf* (Pdomf* <;>) <0. (3.5)

2.9) that

= prox X
= p p Y9 dom f*

(ii) Suppose that p > 0. Then it follows from Lemma 2.2, (2.4), and (

p T —p n—p
(p,u)—proxvf(x,n)@uf@)—<p S >+u< S >
andu+f*<u)§0
v v
@f<£>_<£ l‘—p>+u
1 TR v
and—n_u+f*<x_p)§0
v v
ci(p)er (52) =5 ()
1 v TR v v
and—+f (—p)§0
v
o o(2)er () - (2] =22)
1 ¥ TR

and TH_ _p <u)
0

v

<:> B:proxlf (E) and u:n+,7f* (u)
I AN gl

& P =T = YproXe . <§) and p=n+~f* <prox%f* <§)) (3.6)



Hence, Proposition 2.1((ii)) implies that

O<pu=n+~f* <prox%f* (%)) <n4+f* <me* <%>) . (3.7)

Altogether, if 7 + v f*(Pgm 4+ (#/7)) < 0 and supposing that > 0, we arrive at a contradiction with (3.7) and
therefore (3.1) follows from (3.5). Conversely, if n+~f*(Pgay ;- (/7)) > 0 and supposing that p = 0, we arrive at a
contradiction with (3.5) and therefore (3.3) and (3.2) follow from (3.6) and [7, Lemma 3.2(ii) & Lemma 3.2(iii)|. O

In the case when f* has open domain, Theorem 3.1 recovers [13, Theorem 3.1], as the following example illustrates.
Example 3.1. Let f € To(H), let v € ]0,+o0], let n € R, and let € H. Then the following hold:
(i) Suppose that 1+ ~f* (z/v) < 0. Then prox_z(z,n) = (0,0).
(ii) Suppose that dom f* is open and that n + v f* (x/y) > 0. Then
prox_ #(z,n) = (x —yp,n+ /" (p)), (3.8)

where p is the unique solution to the inclusion

x €yp+ (n+f ()OS (p)- (3.9)
If f* is differentiable at p, then p is characterized by y = yp + (7 + v/*(p))V.f*(p).

Proof. (i): Note that n + vf*(z/v) < 0 implies that z/y € dom f* C dom f* and then Pgz ;. (z/7) = z/7.
Therefore, it follows from Theorem 3.1(i) that

x x
prox_ #(z,1) = <a: =P o <;) ,O) = <3: - 7;,0) = (0,0). (3.10)
(ii): Suppose that 1 + v f*(Pgom ¢+ (x/7)) < 0. Then, since dom f* is open, Py ¢« (2/7) € dom f* = int(dom f*)

and it follows from Theorem 3.1(i) that prox_ (z,n) = (z — ¥Pgsm - (2/7),0). Hence, (3.4), (2.2), the fact that
taom r+ (Piom - (/7)) = 0, and (2.6) yield

f(w — VP34 (%) ,0) =rec f (:E — 1Pz 4+ (%))
S E)
e () rer () o

Therefore, by [2, Corollary 7.6(i)|, Py ¢-(2/7) € dom f* \ int(dom f*) which is a contradiction. Therefore n +
VI (Pgom ¢~ (2/7)) > 0 and it follows from Theorem 3.1(ii) that

T
proxwy(ac,n) = (w — Y ProxXe p. (;) ,u) , (3.12)

where p is the solution of the equation

% X
w=n+~f (proxﬁf* (;)) . (3.13)
Now, given p € H, it follows from (2.8) that
xz * * *
P = Proxu p. (;) & z€yp+pdft(p) =+ O+ ()0 (p). (3.14)

Hence, (3.8) and (3.9) follow from (3.12) and (3.14). Lastly, the claim when f* is differentiable follows from
af*(p) ={Vf* ()} . .



Remark 3.1. Note that [13, Theorem 3.1] needs the solution to the inclusion (3.9) for computing prox_z
contrast, Theorem 3.1 only needs to solve a scalar equation, which can be obtained via standard root- f{ndmg
methods [24].

The next result illustrates Theorem 3.1 in the particular case of radial functions.

Proposition 3.1. Let ¢ € To(R) be even, set f = ¢o |||, let v € |0,+00[, and let (z,n) € H x R. Then the
following hold:

(i) Suppose that n + vyo* (Pm(b* (|||l /’y)) < 0. Then

dw Izl /) o
prox. 7 (( El )“’) 220 (3.15)
! (0,0 if ©=0.

(ii) Suppose that n+ vo* (quﬁ* (Il /’y)) > 0. Then there exists a unique p € ]0,+00] such that

u——n-%v¢*<pnm%¢*<ﬂ%L)>. (3.16)
Furthermore
[ prossge (Jall) o
- |z, , ifx :
prox, 7(z, 1) = T el 8 (3.17)

Proof. First, since ¢ is even, [2, Proposition 13.21] implies that ¢* is even and [2, Example 13.8] yields

fr=e"ofl -l (3.18)
Hence,
£(0) = 6(0) = inf é(x) = ~4"(0) = —f*(0), (319)

and it follows from ¢* € I'y(R) and [7, Lemma 3.1(i) & Lemma 3.2(ii)] that

(Vo € H) Py (z) = Paswio-( |I”>W’ o0 (3.20)
0, if z=0.
Therefore (3.18), (3.19), and (3.20) yield
(Ve eH) ' (Pasmpoe) = 6" (Pasmo (l2]) - (3.21)
(i): In this case (3.21) yields
n+7f*(Pa;f*($)> <0. (3.22)
Therefore, the result follows from Theorem 3.1(i) and (3.20).
(ii): In this case (3.21) yields
n+7f*(Paﬁf*<§)) > 0. (3.23)
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Hence, it follows from Theorem 3.1(ii) and [7, Lemma 3.2(iv)] that there exists a unique p € |0, 4+o00[ such that

e 2 W U
prox. 7(x,m) = BT A / (3.25)

and

Furthermore, for « = 0, (3.24) and (3.25) yield u = 1+ v¢" (prox,,4- /,(0)) and prox_#(z,n) = (= prox, -, (0), u).
Next, since ¢(0) = —¢*(0) and pu > 0, it follows from (2.6) and (2.8) that

O=¢@f+f@)¢>0€%&f@)¢>0=pm&%4m. (3.26)

Therefore, the result follows from (3.24), (3.25), and (3.26). O O

Remark 3.2. Note that [14, Proposition 2.3] can be obtained from Proposition 3.1. Indeed, let us define
R={(nx) eR* | x+¢"(v) <0}
and S = {(1/, x) € R? } X+ ¢* (me’/) < 0} (3.27)
and note that R is nonempty, closed, and convex, since it is the level set of the proper lower semicontinuous convex
function (v, x) — x+ ¢*(v). Now let (z,7n) and (7,%) in H x R. It follows from (2.12) that (7,%) = Pr(||z|l/v,n/7)

if and only if
[zl

g er) - (B -v) 4 -0 (2-%) <o (3.28)

Moreover, since R C S, we have three cases:

(1) (l=ll/v,n/v) € R: In this case we have ||z /y € dom¢*, and, then, Py - (llzll /) = [|=|| /7. Hence, it
follows from Proposition 3.1(i) that

prox. ;(z,n) = (0,0). (3.29)

(i) (lzll/v,n/v) € S\'R: In this case, note that (v, x) € R implies v € dom ¢* C dom ¢* and, hence, (2.12) yields

R L )
(e () (3 (2)

O

Therefore, (3.28) implies (7,X) = (Pgsm 4- (

|zl /v)sn/v) = Pr(||z||/~,n/7) and Proposition 3.1(i) yields

prox_ #(z,m) =

(0,0), if . =0.
Piom ¢+ Ulzll /) . ,
- ((1‘7 fal )“’) e 2o (3.31)
(0,0), if z=0.



(iii) (||z]|/v,n/v) € R? \'S: In this case, recalling that ¢*(0) = —#(0), we obtain from Proposition 3.1(ii) that
prox_7(0,n) = (0,7 — y¢(0)). On the other hand, set

0= (mong (11) o (o (1)), )

where i € |0, 400 is the unique solution to (3.16) guaranteed by Proposition 3.1(ii). It follows from Lemma 2.2
that

v
Now, let (v,x) € R and recall that v € dom ¢*. Hence, (3.33), (3.16), and (3.32) yield

(v-7) (”—j”—v) +(x-%) (g—x> <

(Vv € dom¢*) (v —7) (M - v) < %(0;*@) — * (). (3.33)

@ - @)+ -0 (2-%)

p

0
= (g +¢" (v)) (¢"(v) = ¢" () + (x + 0" (7)) (g +¢7 @)
= (g + qs*(v)) (9" (v) +x)
= g (6" () +x)

0.

IN

(3.34)

Therefore, (7,%) = Pr(||z]|/v,n/7) and [14, Proposition 2.3(iii)] is obtained from Proposition 3.1(ii).

Altogether, we deduce that [14, Proposition 2.3| is deduced from Proposition 3.1. Note that, the formulae in [14,
Proposition 2.3| need the computation on R C R?, which can be complicated in some instances, as the following
example illustrates.

Example 3.2. In the context of Proposition 3.1, let ¢: x — 22/2. Then, ¢* = ¢, dom¢* = R, and, for every
7 € ]0,4+00], prox, 4. = Id /(1 + 7). Therefore, given (x,7) € H x R, Proposition 3.1 yields

(0,0), if 7+ [|z]*/(27) < 0;
prox_ 7(x,7n) = (0,m), if 7+ [z[|/(2y) > 0 and z = 0; (3.35)
(shzw.m) s if 0+ 2ll?/(2) > 0 and @ £ 0,

where p € ]0, +o00[ is the unique solution to

Y
w=n+ HER (3.36)

2(v+ 1

On the other hand, the proximity operator of the perspective proposed in [14, Proposition 2.3| needs the projection
onto

R={(v,x) eR* | x +1*/2< 0},

which involves additional computations.

4 Examples

In this section, we provide several instances in which f is non-radial, dom f* is not open, and Theorem 3.1 allows
us to compute the proximity operator of f. For this class of functions, the computation of the proximity operator
of their perspectives is not available in the literature.

Let us start with the computation of the proximity operator of the perspective of the perspective of a lower
semicontinuous convex function.



Example 4.1. Let G be a real Hilbert space, let g € T'9(G), and set f = g. Then, Lemma 2.1(i) yields f € To(GxR)
and, since f is positively homogeneous [12, Proposition 2.3(i)], we have

ng<£), if p>0 and § > 0;
J?Z ((z,n),0) — (recgn)(x), if n=0 and 6§ > 0; (4.1)
+00, ifn<0 or §<O0.
Moreover, by defining C = {(z,n) € G x R | n+ ¢g*(x) < 0}, it follows from Lemma 2.1(iii) that
f*=wc and (V7 €]0,+00) prox, s = Pym e = Fe. (4.2)

Hence, since g* € T'y(G), dom f* = C is closed. Now, in order to compute the proximity operator of f, fix
(x,n) € G xR, § €R, v€]0,400[, and note that

I+ f* (me* (%, %)) =0+ vyic (Pc (%, %)) =0. (4.3)

Therefore, by considering H = G ® R, we deduce from Lemma 2.1(i) and Theorem 3.1(i) that, if § < 0, Prox_ 7 is
computed in (3.1). On the other hand, if 6 > 0, Theorem 3.1(ii) asserts that there exists a unique p € ]0, §] solution
to p =0 +vf*(prox, s/, (z/7)) and prox_  is obtained in (3.3). Altogether, noting that (4.2) implies that p = 0,
we derive from (2.9) and again from Theorem 3.1 that

T

n
PTOXWT((‘T’??), 5) = <($,T]> - ’YPC <;a ;) 7H1&X{O, 5})
= (proxﬁ(x, 1), max{0, (5})
(x — 7P aom o (%) ,O,max{O,&}) , if l(x,) < 0;
= (4.4)
(x — Y ProXy ;. (%) ,V, max{O,&}) , if l(x,7y) >0,
where v € ]0,/(x,7)] is the unique solution to v = 7 + vg*(prox, . ,,(z/7)) and we denote {(z,n) = 1 +
9" (Paom g+ (/7))

In the particular case when G = R and g : £ — £2/2, we have g = ¢g*, domg = R, and, for every 7 € ]0, +o0],
prox, . = Id /(1 + 7). Therefore, (4.4) reduces to

(0,0, max{0,4d}), if n+£2/(2y) <0

(5256 vmax{0,5}) ity +€2/(29) >0 -

PFOX»yf((gvn)a 5) =

where v € ]O, n+ 52/(27)] is the unique solution to the cubic equation v = n +~v£2/(2(y + v)?).

The following three examples are motivated by penalty methods for solving convex-constrained mathematical
programming problems investigated in [1]. The last example also appears in the dual of entropy-penalized transport
problems [10].

Example 4.2. Set

, —In(¢), if &> 0;
viin {—i—oo, if £€<0, (4.6)

set @ = ¥+ yj_ 1], and set f = ¢*. Since [2, Example 13.2(iii)|] implies that ¢ € T'g(R) and | — oo,1] is
closed and convex, we have ¢ € T'g(R). Moreover, since dom ¢N] — 0o, 1[# &, it follows from [2, Theorem 15.3 &
Example 13.2(iii)] and simple computations that f € T'g(R) and

—1—-In(=¢), if £<-1;

‘. > 1 (4.7

f:R—=]—o00,400] : f»—>{
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from which we obtain

n—nln(—%), if >0 and £ < —n;
if >0 and £ > —n;

FiRXR =] —o0,+00]: (&) — & (4.8)
max{0, {}, if n=0;
+00, otherwise.
Moreover, note that
" o —1In(§), f0<€&<T;
ff=9 :w+L]oo,1]:§’_>{ © : (4.9)
400, otherwise

and, thus, dom f* = |0, 1] which is neither open nor closed and Py i mid{0,&,1}. Now, in order to compute
the proximity operator of ]7, fix £ eR, neR,ye]0,+o0], and note that

n+ (me* (%)) =n—~ (mid {0,%,1}) . (4.10)

Therefore, by considering # = R, Theorem 3.1 yields

rox_=(&,n) = (g_Wme*(%)’o)’ ifn_wln(mid{()’%’l})go; (4.11)
PO ST = (g_’ypl"OX%f* (%)#‘)’ 1f77_71n(mid{07%=1})>0' |

where p € 10,7 — 7 In (mid {0,£/~, 1}) [ is the unique solution to (3.2).

Note that, it follows from (4.9), ] — oo, 1] N domvy =]0,1] # @, and [2, Proposition 24.47] that PIOX, s+ /y =
P)_ 1) © PrOX,,/,- Moreover, [2, Example 24.40] implies that prox,,, . (§/7) = (§ + /2 + 4uy)/(27).
Observing that
VE2+4
gjLéﬂzl & E>2y-p (4.12)
Y
we obtain
£+ V& +4py e <o
proxu . (—) = 2y ’ T (4.13)
LA ¢ &>y —p
and (3.2) reduces to
uE if &=y —mn
= /; 4.14
! n—wln(wy if & <y —1. )
Hence, since for all (§,7) € H x R, we have
n—yln <mid{0,§,1}) <0 & <0 and &>~e"7 (4.15)
Y
and
n—”yln<mid{0,%,1}) >0 < (np>0and &>v—1n)
or (£ < min{ye"7,y —n}), (4.16)
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we deduce that (4.11) can be explicitly written as

(max{0,€ =7},0),  ifn<0and&>nqer;
) (€ =), if n>0and &>y -, 17
ProxX, #&,1) = .
_\Je2 1 )
(#u) , ifE< min{veiv—n} :
where p € 10,7 — 7 1In (max{0,&/~}) [ is the unique solution to
\VE2+4
p=n—~ln (M) (4.18)
2y
Example 4.3. Let n € N and consider
f:R”—>]O,+oo[::v>—>Zexi*l. (4.19)
i=1
Then, f € T'o(R™) and
NSy et i > 0;
[iR" xR —]—o00,+00] : (z,m) = <0, if n=0 and = < 0; (4.20)

400, otherwise.

In order to compute the proximity operator of f, note that, in view of [2, Example 13.2(v), Proposition 13.23 &
Proposition 13.30], we obtain

TR =] — 00, 4] :xHiqﬁ(mi), (4.21)
i=1

where

€In(¢), if £>0;
$p:R—]—o00,400]: £ <0, if £€=0; (4.22)
+o00, if £ <0.

Hence, dom f* = [0, +-o0[" is closed and Py - = max{0, -}, where we denote max{0,-}: y — (max{0, y;})1<i<n-
Now fix (z,n) € R"® x R, v € ]0, +00[, and note that

n+vf* (me* (%)) =n+ x;In (%) ) (4.23)
)

where It (z) = {i € {1,...,n} | &; > 0} and the sum over the empty set is zero. Therefore, by setting H = R",

Theorem 3.1 yields
(x—vmax{o,f},O), iftn+ > xiln(ﬁ>§0;
v iely (z) Y

prox_#(x,n) = . ' 2 (4.24)
T—yproxe,. (= |,p), ifn+ > xln|—) >0,
v Y T) Y

i€l (

i€l (z

where pu €10, + >"c1, () @i In(zi/7)] is the unique solution to (3.2).

11



Furthermore, in view of [2, Proposition 16.9], we have prox, ;. . (z/v) € domd(uf*/v) = ]0,+oc[". Hence, we
obtain from (2.8) that, for every p € |0, +oo[",

T

p:pI‘Ong* <—> =4 E —pE Eaf*(p)
v Y 0 Y
< (Vie{l,..,n}) 7—p¢€ ;8@5(1)1-)

& (Vie{l,..,n}) %—1:111(1%')4-%1%—

o (Vie{l,.,n})) Lei =Dy ein
1%

& (vie{l,..n}) pi:%W()(%e%l), (4.25)

where W) is the principal branch of the Lambert W-function. Altogether, by denoting min{0,-}: y — — max{0, —y}
and, for every y € R™, e¥ = (e¥ )1<i<n and Wo(y) = (Wo(¥i))1<i<n, (4.24) reduces to

(min {0, z} ,0), ifn+ > @iln(zi/y) <0;
i€ly(z)
prox, #(x,n) = o . (4.26)
DN (oo (26570 ) itne X ailalaf) >0
i€l (x)

where p is the unique solution to (3.2), which reduces to
p=n+pd W (1e%1>1n (EWO (16%1». (4.27)
P p v \w

Since Wy is continuous and strictly increasing in [0, +oo[ [15], p can be computed via standard one-dimensional
root finding numerical schemes [24, Chapter 9].

Example 4.4. Let n € N and let
f:R" >R:z—In (Ze“). (4.28)

Then f € I'o(R™) and

nln (Z?:l ezTi) , ifp>0;
fiR" xR =] —o00,400] : (z,10) = § maxy<;<n i, if n = 0; (4.29)

b

400, if n <0,

which appears naturally in the dual of entropy-penalized transport problems [10].

In order to compute the proximity operator of f, set ¢ as in (4.22) and let

Zn:xi = 1} (4.30)

i=1

be the probability simplex in R™. Then [6, Example 3.25] yields

S (), i Y ai=1; (4.31)

T R® —] — o0, +00] i x —
/ ] ] { +00, otherwise,

12



and hence, dom f* = A is closed. Now, fix z € R", n € R, and v € |0, +oo[. By setting H = R", Theorem 3.1
implies

(o)) nenr (s (3) <0
(x—*yprox%f* (%),u), ifn+'yf*(PA(%))>O,

where p € 10,74 vf* (Pa(z/v))] is the unique solution to (3.2). Moreover, since [2, Proposition 16.9] yield
prox,, 1+ /- (x/7) € domd(uf* /) = A N0, +oo[", we obtain from (2.8) that, for every p € A N0, +o0[",

proxvf(x, n) = (4.32)

x x [ o
P = ProXe f. (—) & ——pe=9f*(p)
v Y Y Y

& (ANeR)(Vie {l,...n}) % — In(p) + 14 A

& (AN eR)(Vie{1,..,n}) % 1A =In(p) + %pi
; Y otaea_ Y dp

< (INeR)(Vie{l,..,n}) ;e " = ;pieu

& @eR)(Vie{l,...n)) pi=2w <le“’i—1—k) , (4.33)

where W) is the principal branch of the Lambert W-function. Note that by summing over 4 in (4.33) we obtain

M - J R N
— Wo (—e 2 ) =1. 4.34

Altogether, (4.32) reduces to

(w=7Pa(2).0),  itn+af(Pa(2)) <o,
prox_#(x,n) = e n (4.35)
where we denote A = (A + 1)1<i<n, and p and X are the solution to the nonlinear system of equations
po=n+ i, Wo (16%_1”) In (ﬂWo (16%_1”)) ;
" T (4.36)

_ BN 7, -1
1 —;Ei::LWO (;6/‘ ),

which can be solved, for instance, by Newton’s type methods.

5 Conclusions

In summary, we provide an explicit formula for the proximity operator of the perspective function of any proper lower
semicontinuous convex function defined in real Hilbert spaces. The formula needs to solve a scalar nonlinear equation
which can be efliciently solved by several one-dimensional root-finding numerical schemes. Our result generalizes
[13] and [14], valid only under additional assumptions. Finally, we derive several new formulae of proximity
operators of perspective functions arising in penalization of mathematical programming problems appearing, e.g.,
in entropy-penalized optimal transport problems.

Acknowledgments. The work of Luis M. Briceno-Arias is supported by Centro de Modelamiento Matematico
(CMM), FB210005, BASAL fund for centers of excellence, FONDECYT 1190871, and FONDECYT 1230257 from
ANID-Chile.
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